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Abstract We study a theory of gravity in which the
action is a result from the general purely disformal
transformation on the Einstein-Hilbert action. This the-
ory is a sub-class of GLPV theory which is the the gen-
eralization of covariant Galileon. Nevertheless, we find
that the self accelerating solution for the background
universe disappears in this theory. We also find that,
for this theory, the Vainshtein mechanism is absent.
However, the Vainshtein mechanism is not necessary
for this theory, because this theory can nearly mimic
the Einstein theory of gravity at all scales inside the
Huble radius without this mechanism.
1 Introduction
One of the most important puzzles in cosmology is the
observed accelerated expansion of the late-time uni-
verse [1,2]. A possible explanation for this puzzle is that
the acceleration of the universe is driven by mysterious
form of energy whose pressure is sufficiently negative,
called dark energy [3]. On the other hand, the acceler-
ation of the universe can also be a consequence of un-
known physics of gravity at cosmic scales. To achieve
the acceleration of the universe, many alternative the-
ories of gravity have been proposed and studied [4].
In the simplest case, the alternative theories of gravity
can be constructed by adding scalar degree of freedom
to the gravity sector. These theories belong to the class
of scalar tensor theory of gravity [5].
An interesting tool for studying the relation among
various theories of gravity is the disformal transforma-
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tion defined by [6]
g¯µν = C(φ,X)gµν +D(φ,X)φ,µφ,ν , (1)
whereX ≡ −φ,αφ,α/2 is the kinetic energy of the scalar
field, subscript ,µ denotes a partial derivative ∂µ, while
C(φ,X) and D(φ,X) are the coefficients for conformal
and disformal transformations respectively. The above
transformation will become the conformal transforma-
tion if D = 0. Using the conformal transformation with
C = C(φ), the action for Brans-Dicke theory can be
transformed to take the form of the Einstein-Hilbert
action in the Einstein frame. The conformal transfor-
mation to the Einstein frame is also possible for the
simple scalar tensor theory of gravity in which the non-
minimal coupling is proportional to f(φ)R where f(φ)
is an arbitrary function of the scalar field φ and R is
the Ricci scalar. The physical equivalent between the
Einstein frame and the original frame is shown in [7].
However, in order to transform more general scalar ten-
sor theories such as the Horndeski theory [8,9] and its
extensions to the Einstein frame, the disformal transfor-
mation is required. It has been shown in [10] that for
suitable coefficients of the Lagrangian the Horndeski
action can be transformed to the Einstein frame us-
ing the disformal transformation with C = C(φ) and
D = D(φ). For this choice of C and D, the form of
the Horndeski action is preserved under the disformal
transformation. In the case of the general disformal
transformation where C or D depends on the kinetic
term X , the disformal transformation can lead to the
terms in the action which are beyond the Horndeski
theory. This implies that the theories of gravity ob-
tained from the general disformal transformation may
have higher-order time derivative in the equations of
motion, and consequently these theories may encounter
the Ostrogradski’s instability. However, in some cases,
2the higher-order time derivative in the equations of mo-
tion can reduce to the second order time derivative due
to hidden constraints [11]. an interesting extension for
the Horndeski theory, called GLPV theory, has been
proposed in [12,13]. Although the equations of motion
for this theory are of third order in derivative in gen-
eral, the equations of motion become second order in
the flat FLRW universe. Furthermore, the results from
the Hamiltonian analysis indicate that this theory has
1 scalar degree of freedom and 2 tensor degrees of free-
dom, and is free from the Ostrogradski’s instability. It
has been shown that each of the non-Horndeski parts
of the GLPV action can be separately transformed to
subclass of Horndeski action using the disformal trans-
formation with C = C(φ) and D = D(φ,X), but the
full GLPV action cannot be obtained by applying the
disformal transformation to the Horndeski action [13].
For this choice of C and D, The structure of the GLPV
action is preserved under the disformal transformation
[13].
In addition to instabilities-free, viable theories of
gravity are required to recover the Einstein theory in
the solar system, because the predictions from the Ein-
stein theory perfectly satisfy the gravitational experi-
ments in side the solar system. To recover the Einstein
theory, the fifth force associated to scalar degree of free-
dom in the gravity sector has to be screened [14,15,
16]. For f(R) gravity [17,18], the effective mass of the
scalar degree of freedom becomes large in high-density
regions due to the interaction between scalar degree of
freedom and matter, and therefore the fifth force can be
suppressed by the chameleon mechanism [19,20]. The
screening of the fifth force can also be at work due to
the non-linear self-interaction of the scalar degree of
freedom through the Vainshtein mechanism [21]. Based
on the Vainshtein mechanism, the fifth force can be
suppressed for distance smaller than the Vainshtein ra-
dius rv. For a static and spherically symmetric back-
ground, the Vainshtein mechanism can work in Horn-
deski theory [22,23]. However, in a cosmological back-
ground, the time variation of the Newton’s constant
cannot be suppressed by the Vainshtein mechanism and
the metric potentials are not proportional to inverse dis-
tance satisfying the Newtonian gravity on small scales
if ∂G5/∂X 6= 0 [24]. The stability of the spherically
symmetric screened solutions has been studied in [25].
It has been shown that in the cosmological background,
the non-Horndeski pieces in GLPV theory can lead to
a partial breaking of the Vainshtein mechanism inside
the compact object [26,27,28]. However, for a static
and spherically symmetric background, the Vainshtein
mechanism can work both inside and outside the com-
pact object [29,30].
In this work, we study cosmology of the disformal
gravity theory in which the action is obtained by ap-
plying the general purely disformal transformation to
the Einstein-Hilbert action. The evolution of the back-
ground FLRW universe and the screening mechanism in
this disformal gravity are investigated. The evolutions
for the background universe and the density perturba-
tions for the disformal gravity theory obtained from the
disformal transformation with C = C(φ) andD = D(φ)
have been studied both in the Einstein frame [31,32,
33] and in the Jordan frame [34]. It has been shown
that the deviation from the Einstein theory due to the
disformal coupling can be suppressed when φ is slowly
varying in time without requirement of the non-linear
screening mechanisms [35,36]. Since the disformal co-
efficient depends solely on the scalar field, the disfor-
mal gravity studied in the mentioned works is a sub-
class of the Horndeski theory. Here, we consider the
other class of disformal gravity theory arisen from the
purely disformal transformation in which the disformal
coefficient takes more general form, i.e., D = D(φ,X),
but C = 1. Hence, the disformal gravity discussed in
this work is the generalization of the disformal gravity
studied in the literature, such that its action also con-
tains terms which belong to the GLPV theory. Based
on the construction of the disformal gravity, it is easy to
conclude that the disformal gravity obtained from the
general disformal transformation, D = D(φ,X), should
be a subclass of the GLPV theory in which the action
can be completely transformed to the Einstein-Hilbert
form. The subclasses of the GLPV theory which have
such properties cannot be obviously obtained from the
full GLPV action by fixing the form of the coefficients
in the action.
In sec. 2, the action for this disformal gravity the-
ory is derived by applying the general purely disformal
transformation to the Einstein-Hilbert action, and then
we write the resulting action in the form of GLPV ac-
tion. in sec. 3, the late time evolution of the FLRW
universe for this theory is studied. The spherically sym-
metric solutions and the screening mechanism for this
theory is considered in sec. 4, and we conclude in sec. 5.
The derivation of action for the disformal gravity and
its relation with GLPV action are presented in detail
in the appendix.
2 General purely disformal gravity theory
In this section, we will derive the action of gravity by
applying the general purely disformal transformation
on Einstein theory of gravity. Under the purely disfor-
3mal transformation the metric tensor is transformed as
g¯µν = gµν +D(φ,X)φ,µφ,ν . (2)
The inverse of the above metric is
g¯µν = gµν − γ2Dφ;µφ;ν , where γ2 ≡ 1
1− 2DX , (3)
One can show that the connections computed from barred
metric and original metric are related by [31]
Γ¯αµν − Γαµν ≡ Kαµν = g¯αλ
(
∇(µg¯ν)λ −
1
2
∇λg¯µν
)
. (4)
Using eqs. (2) and (3), we can write the above equation
as
Kαµν =γ2φ;α
(
D;(µφ;ν) +Dφ;µ;ν +
1
2
Dφ;µφ;νφ;d1D
;d1
)
− 1
2
D;αφ;µφ;ν ,
(5)
where subscript ; denotes covariant derivative associ-
ated to metric gµν . From the definition of Kαµν , one
can compute the Ricci scalar using the relation
R¯ = g¯βνR¯αβαν
= g¯βνRαβαν + g¯
βν∇[αKαν]β + g¯βνKαγ[αKγν]β . (6)
From the calculations in the appendix (Appendix A),
we can use the above equation to express the Ricci
scalar in a barred frame in terms of the unbarred quan-
tities Hence, let us consider the action of the form
S =
M2p
2
∫
d4x
√−g¯ R¯+
∫
d4x
√−g (P (φ,X)
+Lm(gαβ , ψ)) , (7)
where Mp ≡ (8πG)−1/2, P (φ,X) and Lm are the La-
grangian density of the scalar field φ and matter in
the unbarred frame. Using the expression for R¯ from
eq. (A.5), we can write the gravity part of the above
action as
Sg =
M2p
2
∫
d4x
√−g
{
1
γ
R− γφ;αφ;βRαβ
+ 12γD
;αφ;α;ωφ
;ω + γ
[
2XD;α;α +Dφ
;ω
;ω ;αφ
;α
+Dφ;α;αφ
;ω
;ω + φ;αD
;αφ;ω ;ω −Dφ;αφ;α;ω ;ω +
+φ;αD;α;ωφ
;ω −D;αφ;α;ωφ;ω −Dφ;α;ωφ;α;ω
]
+ 12γ
3
[
4X2D;αD
;α + 2φ;αD
;α
(
φ;ω ;ω +Xφ;ωD
;ω
−Dφ;ωφ;ω ;λφ;λ
)− φ;ω((3 + 4D2X2)D;αφ;α;ω
+4D2φ;α(φ;α;ωφ
;λ
;λ − φ;ω ;λφ;α;λ)
)]}
. (8)
The action for the gravity resulting from applying the
general transformation, in which C = C(φ,X) andD =
D(φ,X), to the Einstein-Hilbert action has been de-
rived in [11]. However, in order to obtain the above ac-
tion from the action in [11], non-trivial integrations by
parts are needed. The relations between the coefficients
of the Horndeski theory and the GLPV theory through
the general purely disformal transformation given in
eq. (2) have been discussed in [13] for the unitary gauge.
Starting from the above action, we perform several in-
tegration by parts shown in appendix (Appendix B) to
obtain the simplified action as
Sg =
M2p
2
∫
d4x
√−g
{
1
γ
R− γD
[
(φ)
2 − φ;α;βφ;α;β
]
+γ
[
D;αφ;α;ωφ
;ω − φ;αD;αφ;ω ;ω
]}
. (9)
It is clear that the above action is not the Horndeski
action. Hence, to ensure that this theory of gravity is
free of ghost, we will transform this action in to the
GLPV form. Let G4(φ,X) ≡M2p/(2γ), and defined
Y ≡ −2X = φ,αφ,α , (10)
we can insert the action (9) in to the action (7) , and
write the resulting action in the GLPV form [12,13,29]
as
S =
∫
d4x
√−g
4∑
i=2
Li +
∫
d4x
√−gLm(gαβ, ψ) , (11)
where
L2 = A2(φ, Y ) + Y C3,φ , (12)
L3 = (C3 + 2Y C3,Y )φ , (13)
L4 = B4R− B4 +A4
Y
[
(φ)2 −∇µ∇νφ∇µ∇νφ
]
+
2 (B4 +A4 − 2Y B4,Y )
Y 2
(∇µφ∇νφ∇µ∇νφφ
−∇µφ∇µ∇νφ∇σφ∇ν∇σφ) . (14)
Here, A2 ≡ P (φ, Y ) is the Lagrangian of scalar field in
eq. (7). It follows from the appendix (Appendix C) that
for our case, we have
C3 = −
M2p
2
1
2
∫
γD,φdY , B4 =
M2p
2
1
γ
,
A4 = −G4 + 2Y G4,Y − Y 2F4 = −
M2p
2
γ . (15)
Using the relation between C3 and A3 in [12,29,30], one
can show that
A3 = 2(−Y )3/2C3,Y − 2
√
−Y B4,φ = 0 ., (16)
In the following sections, we will set M2p = 1 for conve-
nience.
43 Background evolution
The evolution equations for the background universe
can be obtained by supposing that the field φ is ho-
mogeneous, i.e., φ = φ(t), and using the FLRW metric
given by
ds2 = −n(t)2dt2 + a(t)2δijdxidxj , (17)
where δij is the Kronecker delta. Varying the action (11)
with respect to n(t) and a(t), and then setting n(t) = 1,
we respectively get
0 = (A2 − 2Y A2,Y)− ρm + 3H2γ 1− Y
2D,Y
1 +DY
, (18)
0 = −Hγ3φ˙
(
Y D,φ − 2 (D + Y D,Y ) φ¨
)
+ γ
(
2
a¨
a
+H2
)
+A2 + pm , (19)
where a dot denotes a derivative with respect to time,
H = a˙/a is the Hubble parameter, ρm and pm are
the energy density and pressure of matter respectively.
Since the disformal gravity considered in this work is a
sub class of the GLPV theory which is the covariantized
Galileon theory [37], we first check whether the acceler-
ation of the universe can be driven by the kinetic terms
of scalar field as in the Galileon theory[38,39]. In the
flat FLRW background, we have γ = 1/
√
1−Dφ˙2, so
that Dφ˙2 should lie within the range (−∞, 1). In addi-
tion, it follows from the above equations that γ should
be unity during matter dominated epoch and should
be larger than unity during the acceleration of the uni-
verse. Hence, 0 ≤ Dφ˙2 < 1 throughout the evolution of
the universe. To study how the universe can be accel-
erated, we use Y = −φ˙2 to write eq. (19) as
a¨
a
= − 1
2γ
(
γH2 +A2 + pm + 2Hγ˙
)
. (20)
Since γ increases in time, the contribution from the γ˙-
term cannot lead to an accelerated expansion of the
universe. Hence, the accelerated expansion of the uni-
verse can be achieved only if the pressure of the scalar
field is sufficiently negative, i.e. A2 ≡ pφ < −ρφ/3 for
γ ∼ 1. Here, ρφ ≡ 2Y A2,Y −A2. Therefore, for the dis-
formal gravity considered here, the accelerated expan-
sion of the universe cannot be driven by kinetic terms
of the scalar field, i.e., self accelerating solution does
not exist.
To illustrate how the background universe evolves at
late time for disformal gravity theory, we solve evolu-
tion equations for the background universe numerically.
Variation of the action with respect to φ yields
0 = φ¨
[
A2,Y + 2Y A2,YY +
3
2
H2γ5
[
D (1 − Y 2D,Y
+2Y 3 D,Y Y )− 2Y D2
]]
+ Y (5D,Y − 3Y 2D2,Y
+2Y D,Y Y )
+3Hφ˙
(
A2,Y − γ3Y (D + Y D,Y )
(
1
2
H2 +
a¨
a
))
+
1
2
(
A2,φ − 2Y A2,Yφ + 3
2
H2γ3
[
3Y 2D,φ
D + Y D,Y
1 +DY
−2Y 2D,φY − Y D,φ
])
. (21)
For concreteness, we choose the disformal coupling of
the form
D ≡M−4λ2−4e−λ1φ(−Y )λ2 , (22)
and choose A2 as
A2 ≡ 1
2
M4−4λ3k (−Y )λ3 −M4v e−λ4φ , ) (23)
Here, M , Mk and Mv are the constant parameter with
dimension of mass, while λ1, λ2, λ3 and λ4 are the di-
mensionless constant parameters. For the homogeneous
and isotropic universe, Y = −φ˙2, and therefore the field
φ may be classified as a phantom field when the kinetic
term in A2 is proportional to Y
λ3 . We choose the above
form of A2 because this form can be easily reduced to
the canonical form, and as discuss above, the potential
term of the scalar field is needed to drive an accelerated
expansion of the universe. The above form of the dis-
formal coefficient D is chosen because this form is the
simplest form that can be used to study the influence
of the kinetic-dependent disformal coefficient. For this
choice of D and A2, the equations of motion become
0 = 3H2
(
γ3 + γ
(
γ2 − 1)λ2)
−1
2
(2λ3 − 1)M4−4λ3k (φ˙)2λ3 −M4v e−λ4φ − ρm , (24)
0 = 2γ
a¨
a
− γ3Hφ˙
(
λ1 − 2D (λ2 + 1) φ¨
)
+ γH
(
H + λ1φ˙
)
+
1
2
M4−4λ3k (φ˙)
2λ3 −M4v e−λ4φ + pm , (25)
0 = +φ¨
(
M4−4λ3k λ3(2λ3 − 1)(φ˙)2λ3 − 3γ3DH2 (λ2 + 1)Y
× (λ2 (3γ2DY − 2)+ 3γ2DY − 1))
+3HM4−4λ3k λ3(φ˙)
2λ3 φ˙+ YM4vλ4e
−λ4φ
+
Y
2
(
− 3γ3DH
(
Hλ1Y
(
λ2
(
3γ2DY − 2)
+3γ2DY − 1)− 2 (λ2 + 1)(3H2 + 2H˙) φ˙)) . (26)
5Substituting M4v e
−λ4φ from eq. (24) into eq. (26), we
can write eq. (26) as
φ′′ =
H ′
H
φ′
[
2
(
9γ
(
γ2 − 1)2 (λ2 + 1) 2 + 3γ (γ2 − 1)
× (2λ2 + 1) (λ2 + 1)− 2λ23Ωk + λ3Ωk
)]−1
× φ′
(
3γ3
(
2λ2
(
2
H ′
H
+ 2λ1φ
′ + λ4φ
′ + 3
)
+ 4
H ′
H
+ 5λ1φ
′ + 2λ4φ
′ + 6
)
− 3γ
(
λ2
(
4
H ′
H
+ λ1φ
′ + 2λ4φ
′ + 6
)
+ 4
H ′
H
+ 2λ1φ
′ + 6
)
+ λ4 (Ωk − 6Ωm)φ′
− 2λ3Ωk (λ4φ′ + 3)− 9γ5λ1 (λ2 + 1)φ′
)
,
(27)
where a prime denotes a derivative with respect to N =
ln a, Ωk ≡ M4−4λ3k (Hφ′)2λ3/H2, Ωm = ρm/3H2 =
Ω0me
−3N/(H2/H20 ), H0 and Ω
0
m are the present value of
the Hubble parameter and Ωm respectively. The func-
tion H ′/H can be computed by combining eq. (25) with
eq. (24) and setting pm = 0, so that we get
H ′
H
=
[
2γ
(
3γ5 (λ2 + 1)
2 − 3γ3 (λ2 + 1)
−3γλ2 (λ2 + 1) + (1− 2λ3)λ3Ωk
)]−1 ×[
27γ8 (λ2 + 1)
3 − 9γ6 (λ2 + 1) 2 (7λ2 + 6)
+9γ4 (λ2 + 1)
2 (5λ2 + 3)− 9γ2λ2 (λ2 + 1) 2
−9γ5 (λ2 + 1) 2 (λ3Ωk + 3Ωm) + 3γ3 (λ2 + 1)
×(2 (2λ2 − λ3 + 2)λ3Ωk + 3 (4λ2 + 5)Ωm)
−3γ (λ2 + 1)
(
(λ2 − 2λ3 + 1)λ3Ωk
+3 (λ2 + 2)Ωm
)
+ λ3 (2λ3 − 1)Ωk (λ3Ωk + 3Ωm)
+
(
γ2 − 1) γφ′ × (λ1 (1− 2λ3)λ3Ωk
+(λ2 + 1)λ4
[
6γ3 + 6
(
γ2 − 1) γλ2
−2λ3Ωk +Ωk − 6Ωm
])]
. (28)
Setting Ω0m = 0.3, wT = −0.97(1 − Ω0m) = −0.68 at
present and M2 = M2k = M
2
v = MpH0, where we
have restoredMp in this relation to avoid confusion and
wT ≡ −2H˙/(3H2) − 1, we numerically solve eqs. (27)
and (28) by making an integration from the present
to the past of the universe, and plot the evolution of
∆Ωm ≡ (Ωm − ΩΛm)/ΩΛm and wT in figs. (1) and (2).
Here, ΩΛm is the density parameter of matter computed
from ΛCDM model by setting ΩΛm = 0.3 at present.
It follows from the plots that the evolutions of Ωm
and wt for the disformal model mimics that evolutions
for ΛCDM model. The evolution of the universe will
0
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Fig. 1 the different density parameter ∆Ωm as a function of
log
10
a for various values of λ1, λ2, λ3 and λ4.
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Fig. 2 The equation of state parameter wT as a function of
log
10
a for various values of λ1, λ2, λ3 and λ4.
closely mimic the ΛCDM model if λ3 = 1, so that it
is not plotted. In the numerical integration, γ → 1 be-
cause −DY → 0 during matter dominated epoch, while
γ becomes larger than unity at late time when −DY =
Dφ˙2 significantly increases from small value. Accord-
ing to the numerical results, −DY is always smaller
than unity throughout the evolution of the universe,
and φ˙/H < 1, i.e., the field slowly evolves in time com-
pared with the expansion rate of the universe.
4 Spherically symmetric solutions and
screening mechanism
4.1 Spherically symmetric static background
To investigate the screening mechanism in the disformal
gravity, we first study the solutions in the spherically
symmetric static background. Since the theory of grav-
ity considered in this work is the sub class of GLPV
6theory, We study the screening mechanism in this the-
ory based on the analysis in [29]. In order to study
behavior of gravity in the spherical static background,
we write the line element in the form
ds2 = −e2Ψ(r)dt2 + e2Φ(r)dr2 + r2 (dθ2 + sin2 θ dϕ2) .
(29)
Vary the action (11) with respect to the metric tensor,
we get [29]
2e−2Φγ
r
1− Y 2D,Y
1 + Y D
Φ′
+A2 + C − γ
r2
(
e−2Φ − 1
γ2
)
= ρm , (30)
2e−2Φγ
r
1− Y 2D,Y
1 + Y D
Ψ ′ −A2 + 2Y A2,Y
+
γ
r2
(
e−2Φ − 1
γ2
)
1− Y 2D,Y
1 + Y D
= pm , (31)
e−2Φγ
(
Ψ ′′ + Ψ ′
2
)
+
(
e−Φγ
r
− 1
2
Cr
)
Ψ ′
−e
−2Φγ
r
1− Y 2D,Y
1 + Y D
(1 + rΨ ′)Φ′ −A2 − 1
2
C = pm ,(32)
where, in this section, a prime denotes derivative with
respect to r, Y = e−2Φφ′2 for this consideration due to
the static and spherical assumptions, and
C ≡ −2e
−2Φφ′
(
γ,φ + 2e
−2Φφ′′γ,Y
)
r
. (33)
The conservation equation for the matter yields
p′m + Ψ
′ (ρm + pm) = 0 . (34)
Inserting Φ′ and Ψ ′ from eqs. (30) and (31) into eq. (32)
and considering the weak field limit, we obtain
γΨ +
1
2
1 + Y D
1− Y 2D,Y (2Y A2,Y −A2)−
1
2
A2 = 1/2ρm ,
(35)
where Ψ ≡ d2Ψ/dr2 + (2/r)dΨ/dr, and we have set
pm = 0. In the weak field limit, i.e., |Φ| ≪ 1, |Ψ | ≪ 1,
we suppose that the main contributions to the evolution
equations are of the order of Φ and Ψ to ensure that the
equations of motion will satisfy Einstein theory in the
solar system [23,29].
Comparing with the analysis in [22], one can see
that eq. (35) has no contribution from φ. This sug-
gests that the effective gravitational constant in disfor-
mal gravity is the same as that in Einstein theory.
In order to check how much the post-Newtonian pa-
rameter Γ ≡ |1 + Φ/Ψ | deviates from zero, we write
eqs. (30) and (31) in the weak field limit as
2γ
r
Φ′ +A2 +
γ3
r
φ′ (Y D,φ + 2φ
′′(D + Y D,Y ))
− γ
r2
(−2Φ− Y D)− ρm = 0 , (36)
2γ
r
Ψ ′ −A2 + 2Y A2,Y − γ
r2
(2Φ+ Y D) = 0 (37)
Influences of the scalar field on Φ and Ψ in the above
equations can be estimated by studying how φ′ and
also φ depend on r. The equation of motion for the
field φ can be computed by differentiating eq. (31) with
respect to r, and then eliminate Ψ ′′, Ψ ′ and Φ′ terms in
the result using eqs. (30) – (34). In the weak field limit,
we can write the equation of motion for φ as [29,30]
φ′′ +
2
r
φ′ =
φ′r
2γ
ρm + µ , (38)
where
µ ≡
[
r2
2
(A2,φ − 2Y A2,φY ) + r4Y 3/2A2,Y Y − γ
5
4
Y 2 ×
big((Y (2 −DY )D,Y + 3D)D,φ + 2DY (DY + 1)D,φY
)
+
γ5
r
Y 3/2
(
D(2Y 2(DY + 1)D,Y Y + 3D)
+Y 2(2−DY )D2,Y + 3DY (DY + 3)D,Y
)]
[rβ]
−1
, (39)
β ≡ (2Y A2,Y Y +A2,Y ) r + γ
5
2r
(
Y
(
D(2Y 2(DY + 1)D,Y Y
+3D) + Y 2(2−DY )D2,Y + 3DY (DY + 3)D,Y
))
. (40)
The solutions for eq. (38) are conveniently obtained by
replacing the distance r by r˜ ≡ rH0, so that we can
write eq. (38) as
φ,r˜r˜ +
2
r˜
φ,r˜ − φ,r˜
2γr˜
r˜2ρ˜m = µ˜ , (41)
where ,r˜ denotes derivative with respect to r˜, ρ˜m ≡
ρm/H
2
0 which equals to 3Ω
0
m . 1 for the background
density while becomes much larger than unity inside
the gravitational source. However, since the radius of
the sun and the Milky Way are respectively r˜s ∼ 10−18
and r˜g ∼ 10−5, we have r˜2ρ˜m . 10−6 inside the sun and
Milky Way if ρ˜m is computed from the mean energy
density of these objects. Outside the Milky Way, one
may assume that ρ˜m ∼ 3Ω0m, so that r˜2ρ˜m ∼ r˜2. Hence,
if we suppose that r = 0 at center of the sun, the third
term on the LHS of eq. (41) is negligible compared with
the second term as long as r˜ . 1. This implies that the
gradient of φ is not significantly sourced by ρm.
To study how the non-linear terms of φ,r˜ in µ˜ in-
fluence behavior of solution for eq. (41), we use the
condition φ,r˜ → 0 when r˜ → 0. This condition suggests
that, when r˜ → 0, φ,r˜ ∝ r˜p where p > 0. Based on
7this property of φ,r˜, the dominant terms in the expres-
sion for µ˜ near r˜ = 0 can be written for the case where
the first term on the RHS of eq. (40) decreases to zero
slower than the other terms when r → 0 as
µ˜ ≃ 1
2H20
A2,φ − 2Y A2,φY
A2,Y + 2Y A2,Y
+
4φ,r˜
r˜
Y A2,Y Y
A2,Y + 2Y A2,Y Y
,
(42)
where we have supposed that D is a polynomial func-
tion of Y . For the opposite case, µ˜ becomes
µ˜ ≃ r˜
2Y˜
H20
A2,φ − 2Y˜ A2,φY˜
(4λ22 + 7λ2 + 3)Y
2D2
− D,φ
2D
Y˜
λ2 + 1
+
2
r˜
φ,r˜ ,
(43)
where eq. (22) has been used and Y˜ ≡ Y/H20 .
Let A2 be decomposed as A2 = AK(Y ) + AV (φ),
which its concrete form is given by eq. (23). Inserting
µ˜ from eqs. (42) and (43) into eq. (41), we respectively
get
u′1 +
2u1
r˜
= (−1)λ3 λ4
λ3
, (44)
u′2 −
λ1
2
4λ2 + 3
λ2 + 1
u
4λ2 + 4
4λ2 + 3
2 = −
λ4r˜
2
λ2 + 1
, (45)
where u1 ≡ φ2λ3−1,r˜ , u2 ≡ φ4λ2+3,r˜ and e−λ4φ ∼ 1 is
assumed. Imposing the condition u1, u2 → 0 when r˜ →
0, The solutions for the above equations are
u1 = (−1)λ3 λ4r˜
2λ3
, so that φ,r˜ ∼ (−1)λ3 r˜1/(2λ3−1) , (46)
u2 = − λ4r˜
3
3λ2 + 3
, so that φ,r˜ ∼ −r˜1/(4λ3+3) . (47)
In the case where the first term on the RHS of eq. (40)
decreases slower than the other terms when r˜ → 0,
we have R ≡ Y 2D2/(r˜2Y˜ A2,Y ) ∼ φ4λ2+4−2λ3,r˜ /r˜2 ∼ r˜p
where p > 0 and 2λ2+2 > λ3. Substituting the solution
near r˜ = 0 for this case from eq. (46) into R, we get
R ≪ 1. However, this solution also makes R < 1 for a
range 0 ≤ r˜ . 1, so that the approximated form of µ˜
given in eq. (42) is valid for this range of r˜. Hence, the
solution in eq. (46) satisfies eq. (41) for the case R ∼ r˜p
as long as 0 ≤ r˜ . 1, i.e., for r . H−10 . In the opposite
case where 1/R ∼ r˜p and 2λ2 + 2 < λ3, one can also
check that the solution in eq. (47) satisfies eq. (41) for
a range 0 ≤ r˜ . 1. It is straightforward to show that,
if R ∼ constant, eq. (41) gives φ,r˜ ∼ r˜1/(2λ3−1) with
3λ3 = 2λ2 + 3. Moreover, φ,r˜ ∼ r˜p where p ≥ 0 can
also satisfy eq. (41) for the case A2 = AK(Y )AV (φ)
when 0 ≤ r˜ . 1. According to these analysis, we con-
clude that, for a given value of parameters λ1, · · · , λ4,
φ,r˜ obeys the same relation φ,r˜ ∼ r˜p for all distance in-
side the Huble radius. This implies that the Vainshtein
mechanism disappears in disformal gravity.
To determine deviation of the ratio−Φ/Ψ from unity,
we first estimate the magnitude of Φ and Ψ in terms of
our variables. Dividing eqs. (36) and (37) by H20 and
ignoring the contributions from scalar field for a while,
the resulting equations give
Φ ≃ −Ψ ≃ 1
6
r˜2s ρ˜s
r˜s
r˜
∼ 10−6 r˜s
r˜
, (48)
where r˜ ≥ r˜s and ρ˜s is the mean density of the sun
divided by H20 . Hence, in the vicinity of the sun, Φ ∼
−Ψ ∼ 10−6. Using the solutions in eqs. (46) and (47),
it can be shown that Y˜ λ3 ∼ r˜q1 and |DY | ∼ r˜q2 where
q1, q2 > 1, so that these quantities are less than 10
−14
inside solar system. From eqs. (46) and (47), we respec-
tively get r˜φ,r˜ ∼ Y˜ λ3 and r˜φ,r˜ ∼ |DY |. Based on these
results and the fact that φ,r˜φ,r˜r˜ ∼ Y˜ /r˜, the third term
in eq. (36) is negligible compared with the fourth term
inside the solar system. Furthermore, using Y˜ λ3 ∼ r˜q1
and e−λ4φ . 1, A2 and also Y A2,Y in eqs. (36) and
(37) can be neglected. According to this consideration,
we conclude that the contributions from scalar field in
eqs. (36) and (37) are negligible inside the solar system.
We also obtain the same conclusion when we consider
the distances that are larger or comparable with the
size of Milky Way. Hence, the Vainshtein mechanism is
not necessary for disformal gravity. This conclusion is
in agreement with [35,36].
4.2 Cosmological background
In order to study the screening mechanism in the cos-
mological, i.e., FLRW, background, we assume that the
perturbations around FLRW background have spheri-
cal symmetry and write the line element as
ds2 = − (1 + 2Ψ(t, r)) dt2 (49)
+a2
[
(1 + 2Φ(t, r)) dr2 + r2
(
dθ2 + sin2 θ dϕ2
)]
,
where Φ and Ψ now are the metric perturbations. Us-
ing this line element and decomposing the field φ and
energy density of matter ρm into background and per-
turbed parts as
φ→ φ(t) + π(t, r) , ρ→ ρ(t) [1 + δ(t, r)] , (50)
the effective action for perturbations for the theory de-
scribed by action (11) can be constructed. Based on dis-
cussions in [26], the non-linear perturbations on small
8scales obey the following relations:
0 = 2ξ2x1 + Gx2 −Fx3 + α2x21 + 2α∗x1 (rx′1 + x1)
− 2√
Λa3
∂t
(
a3ξtx1
)
, (51)
0 = Gx3 − ξ1x1 − α1x21 −A , (52)
0 = ηx1 − 2ξ1x2 + 4ξ2x3 + 2µx21 + 2νx31 − 4α1x1x2 (53)
+4α2x1x3 − 4α∗ (rx1x′3 + 3x1x3) +
4ξt√
Λa2
∂t
(
a2x3
)
,
(54)
where the expressions for coefficients G,F , α1, α2, · · · , ξt
in terms of G2, G3, G4 and F4 are given in [26,24],
Λ ∼ H20 is a mass scale, and dimensionless dynami-
cal variables for the perturbations x1, x2, x3 and A are
defined as
x1(t, r) ≡ 1
Λ
π′
a2r
, x2(t, r) ≡ 1
Λ
Ψ ′
a2r
,
x3(t, r) ≡ − 1
Λ
Φ′
a2r
, A(t, r) ≡ 1
Λ
M(t, r)
8πr3
. (55)
Here, the mass inside the sphere of radius r is
M(t, r) ≡
∫ r
0
4πr¯2ρ(t)δ(t, r¯) dr¯ . (56)
Substituting x2 and x3 from eqs. (51) and (52) into
eq. (53), and write the coefficients of the equations in
terms of A2, C3, G4 and F4 for disformal gravity, we get
A0 + 2
(
A1 − κ1
4Y
)
x1 +
κ2
(γ2γ1 − 1)Y φ˙
x21 = 0 , (57)
where
φ˙A0 ≡ A
(
4γ2H − γ2γ˙1
)− γ2γ21 (5AH + A˙)
+γ1
(
2AH −Aγ˙γ + γ2
(
3AH + A˙
))
, (58)
A1 ≡ −γ
2 (γ1 − 1) γ1Λ (rA′ + 3A)
2Y
(59)
κ1 ≡ γ
[
2γ6γ61 − γ4
(
2γ2 + 3
)
γ51
+γ2γ41
(
γ4 + γ2
(−8γ2 + 11H2 + 3)+ 4γ˙γH + 1)
−γγ31
(
γ3
(−8γ2 + 7H2 − 4γ˙1H + 1)
+γ
(−6γ2 + 18H2 + 1)− 6γ˙γ2H − 2γ˙H)
+γ21
(
γ2
(
8γ22 − 2γ2
(
19H2 + 3
)
+ 2H (H − 4γ˙2)
)
+8H2 + γ4 (H (2γ˙1 +H)− 2γ2)− 2γ˙γ3H
+γH (2γ˙ (4γ2 − 5) + 3HΩm)
)
+ 2γ1
(
− 4γ22γ2
− ((γ2 + 1) γ˙1 − 4γ˙2) γ2H + 2γ2H(− 6γ˙γ
+γ2 (2γ˙1 + 3H) + 8H
))
+ 16γ2H
(
2γ2H − γ2γ˙1
) ]
,
(60)
κ2 ≡ γ2γ1Λ
(
2γ˙ (γ1 − 1)γ21γ2 − 6γ˙ (γ1 − 1) γ1
+2γ1γ
3
(
γ1
(
γ˙1 −D,φY φ˙− 3γ2H + 3H
)
(61)
+D,φY φ˙− 3γ21H + 4γ2H
)
+ 3 (γ1 − 1) γ31γ5H
+γ
(
3γ21H + γ1 (−2γ˙1 + 6γ2H − 3H)− 8γ2H
))
.
In the above expressions, all of the coefficients are eval-
uated using background quantities, e.g., Y = −φ˙2, and
the dimensionless quantities γ1 and γ2 defined as
γ1 ≡ 1−D,Y Y 2 , γ2 ≡ 2D,Y Y 2 +D,Y Y Y 3 . (62)
Since γ2 . 1 through out the evolution of the universe
and D is supposed to be a polynomial function of Y ,
we have DY ∼ D,Y Y 2 ∼ D,Y Y Y 3 < 1. Therefore, we
can expand γ and γ1 around unity, and consequently ,
up to leading order, eqs. (58) – (62) become
A0 ≃ A (2d0 + 5d1 + 4d2)H + A˙d1
φ˙
,
A1 ≃ d1Λ (rA
′ + 3A)
2Y
,
− κ1
4Y
≃ 3H
2
4Y
(1−Ωm) ,
κ2
(γ2γ1 − 1)Y φ˙
≃ 2ΛHd2
φ˙Y
, (63)
where
d0 ≡ DY , d1 ≡ D,Y Y 2 , and d2 ≡ γ2 , (64)
For illustration, we consider the form of D given in
eq. (22), so that we get
A0 ∼ AH
φ˙
Y 1+λ2H ,
A1 ∼ (rA′ + 3A)Y λ2H ,
− κ1
4Y
∼ (1−Ωm) H
2
Y
,
κ2
(γ2γ1 − 1)Y φ˙
∼ H
φ˙
Y λ2H , (65)
where Y αH denotes quantity whose magnitude is of order
of (Y/H20 )
α and we have assumed that A˙ ∼ O (HA).
Since φ always slowly evolves, one expects that Y/H20 ≪
1 and φ˙/H ≪ 1. We first consider the case where
A ≫ 1 in which the Vainshtein mechanism works for
general consideration in [26]. In the case where |A1| ≫
|κ1/(4Y )|, eq. (57) yields,
x1 ∼ O
(
A
φ˙
H
)
. (66)
9Using the approximation for the case of γ < 1 as above,
we can write eqs. (51) and (52) respectively as
x2 ≃ x3 − x1H
φ˙
Y λ2+1H − x21Y λ2H (67)
−x1 (rx′1 + x1)Y λ2H + x˙1Y λ2+1/2H ,
x3 ≃ A+ x1H
φ˙
Y λ2+1H + x
2
1Y
λ2
H . (68)
The above equations suggest that the disformal gravity
mimics the Einstein theory up to the small factors that
are proportional to small ratio Y/H20 without the help
of non-linearity in x1, i.e., without Vainshtein mecha-
nism. The non-linear term of x1 in eq. (68) can give
contribution to x3 if A is significantly large such that
A & |Y −λ2H H2/Y |. In such case, the non-linearity in
x1 leads to large deviation from the Einstein theory
instead of the Vainshtein mechanism.
Let us now consider the case where |A1| ≪ |κ1/(4Y )|.
In this limit, eq. (57) has two different solutions:
x1 ≃
{
x
(1)
1 = A
H/φ˙
1−ΩmY
λ2
H
x
(2)
1 = 2 (1−Ωm) H
2
Y
. (69)
It follows from the above equation that, for the first
solution x1 = x
(1)
1 , x1 ≪ A, while, for the second so-
lution x1 = x
(2)
1 , x1 ≫ 1. Similar to above discussion,
the disformal gravity mimics the Einstein theory when
x1 ≪ A, and the non-linearity in x1 leads to large de-
viation from the Einstein theory when x1 ≫ 1.
We conclude that the Vainshtein mechanism is ab-
sent in disformal gravity theory although the action for
this theory contains L3.
5 Conclusions
In this work, we study the Vainshtein mechanism and
the evolution of background universe for a general purely
disformal gravity theory in which the gravity action is
a result from purely disformal transformation on the
Einstein-Hilbert action. We write the gravity action in
the form of the GLPV theory and find that A3 = 0
for this disformal gravity theory. We discuss the cosmic
evolution for this model of gravity, and find that the ac-
celerated expansion of the universe cannot be driven by
kinetic terms of the scalar field as in the Galileon the-
ory , i.e., self accelerating solution does not exist. The
accelerated expansion of the late-time universe can be
achieved if the Lagrangian of the scalar field A2 satisfies
A2/(2XA2,X − A2) < −1/3. The cosmic evolution for
disformal gravity is nearly similar to that for ΛCDM
model.
We then study behavior of disformal gravity un-
der spherically symmetric assumption for both static
and FLRW background. Based on evolution equations
that have been derived in the literature, we analyze
their solutions for disformal gravity.We have found that
those solutions cannot provide Vainshtein mechanism
although the action for disformal gravity contains the
kinetic self interacting terms like f(φ, Y )φ. However,
the absence of Vainshtein mechanism does not lead to
serious problem in disformal gravity, because, in the
static spacetime, the disformal gravity nearly mimics
the Einstein theory at all scales inside the Hubble ra-
dius without the help of Vainshtein mechanism. This
properti of disformal gravity is also hold for the cosmo-
logical background, in which the small deviation from
the Einstein theory arises from the slow evolution of
the scalar field. At leading order, this small deviation
is negligible.
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Appendix A: Riemann tensor
From eq. (5), we get
Kαλ[µKλν]β = 14γ2
[
φ;αφ;β
(−φ;ν(D;µφ;ι + 2Dφ;µ;ι)
+φ;µ(D;νφ;ι + 2Dφ;ν ;ι)
)
D;ι +D;α
(
φ;β(−φ;µD;ν
+D;µφ;ν) + 2D(φ;β ;µφ;ν − φ;µφ;β ;ν)
)
φ;ιφ
;ι
]
+ 14γ
4φ;α
[
2Dφ;µφ;β ;νφ;λD
;λ −D;βφ;µD;νφ;λφ;λ
+D;βD;µφ;νφ;λφ
;λ + 2DD;µφ;β ;νφ;λφ
;λ
+2DD;βφ;νφ;µ;λφ
;λ + 4D2φ;β ;νφ;µ;λφ
;λ
−2DD;βφ;µφ;ν ;λφ;λ + 2D2φ;µφ;β ;νφ;λD;λφ;ιφ;ι
−2Dφ;β ;µ
(
(D;νφ;λ + 2Dφ;ν ;λ)φ
;λ + φ;νφ;λD
;λ(1 +Dφ;ι
φ;ι)
)
+ φ;β
(−D;µ(φ;νφ;λD;λ + 2Dφ;ν ;λφ;λ)
+2D(D;νφ;µ;λφ
;λ +Dφ;νφ;λD
;λφ;µ;ιφ
;ι)
+φ;µφ;λD
;λ(D;ν − 2D2φ;ν ;ιφ;ι)
)]
, (A.1)
and get
∇[µKαν]β = 12
(
φ;β(−D;α;µφ;ν + φ;µD;α;ν)
+D;α(−φ;β ;µφ;ν + φ;µφ;β ;ν)
)
+ 12γ
2
[
D;βφ
;α
;µφ;ν
−D;βφ;µφ;α;ν − 2Dφ;β ;µφ;α;ν + 2Dφ;α;µφ;β ;ν
+φ;β
(−φ;α;ν(D;µ +Dφ;µφ;ρD;ρ)
+φ;α;µ(D;ν +Dφ;νφ;ρD
;ρ)
)
+ φ;α
(
2Dφ;β ;ν ;µ
+D;β ;µφ;ν − φ;µD;β ;ν +D;µφ;β ;ν
−2Dφ;β ;µ;ν − φ;βφ;µD;νφ;ρD;ρ + φ;βD;µφ;νφ;ρD;ρ
−Dφ;µφ;β ;νφ;ρD;ρ +Dφ;βφ;νφ;µ;ρD;ρ
−Dφ;βφ;µφ;ν ;ρD;ρ + φ;β ;µ(−D;ν +Dφ;νφ;ρD;ρ)
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+Dφ;βφ;νD;µ;ρφ
;ρ −Dφ;βφ;µD;ν ;ρφ;ρ
)]
+ 12γ
4φ;α
[
D;β
(
−φ;ν
(
D;µφ;ρ + 2Dφ;µ;ρ
)
+ φ;µ
(
D;νφ;ρ
+2Dφ;ν ;ρ
))
φ;ρ +D
(
−2φ;βD;νφ;µ;ρφ;ρ
−4Dφ;β ;νφ;µ;ρφ;ρ + 2φ;β ;µ
(
D;νφ;ρ
+2Dφ;ν ;ρ
)
φ;ρ
+φ;βφ;µD;νφ;ρD
;ρφ;σφ
;σ − 2Dφ;βφ;νφ;ρD;ρφ;µ;σφ;σ
+2Dφ;βφ;µφ;ρD
;ρφ;ν ;σφ
;σ −D;µ
(
2φ;β ;νφ;ρφ
;ρ
+φ;β(−2φ;ν ;ρφ;ρ + φ;νφ;ρD;ρφ;σφ;σ)
))]
. (A.2)
We now use eqs. (A.1) and (A.2) to compute Riemann
tensor as
R¯αβµν = R
α
βµν +∇[µKαν]β +Kαγ[µKγν]β
= Rαβµν +
1
2
[
φ;β(−D;α;µφ;ν + φ;µD;α;ν)
+D;α(−φ;β ;µφ;ν + φ;µφ;β ;ν)
]
+ 14γ
2
[
φ;α
(
4Dφ;β ;ν ;µ
+2D;β;µφ;ν − 2φ;µD;β ;ν + 2D;µφ;β ;ν − 4Dφ;β ;µ;ν
−φ;βφ;µD;νφ;ρD;ρ + φ;βD;µφ;νφ;ρD;ρ
−2Dφ;µφ;β ;νφ;ρD;ρ − 2φ;β ;µ
(
D;ν −Dφ;νφ;ρD;ρ
)
+2Dφ;βφ;νD;µ;ρφ
;ρ − 2Dφ;βφ;µD;ν ;ρφ;ρ
)
+φ;β
(
2φ;α;µ
(
D;ν +Dφ;νφ;ρD
;ρ
)− φ;µφ;ρ(2Dφ;α;νD;ρ
+D;αD;νφ
;ρ
)
+D;µ
(−2φ;α;ν +D;αφ;νφ;ρφ;ρ))
+2
(
D;β
(
φ;α;µφ;ν − φ;µφ;α;ν
)
+D
(
φ;β ;ν(2φ
;α
;µ
−D;αφ;µφ;ρφ;ρ) + φ;β ;µ(−2φ;α;ν +D;αφ;νφ;ρφ;ρ)
))]
+ 14γ
4φ;α
[
2Dφ;µφ;β ;νφ;ρD
;ρ +D;βφ;µD;νφ;ρφ
;ρ
−D;βD;µφ;νφ;ρφ;ρ − 2DD;µφ;β ;νφ;ρφ;ρ − 2DD;βφ;νφ;µ;ρφ;ρ
−4D2φ;β ;νφ;µ;ρφ;ρ + 2DD;βφ;µφ;ν ;ρφ;ρ + 2D2φ;µφ;β ;νφ;ρ
×D;ρφ;ιφ;ι − 2Dφ;β ;µ
(
−(D;νφ;ρ + 2Dφ;ν ;ρ)φ;ρ
+φ;νφ;ρD
;ρ
(
1 +Dφ;ιφ
;ι
))
+ φ;β
(
−2D(D;νφ;µ;ρφ;ρ
+Dφ;νφ;ρD
;ρφ;µ;ιφ
;ι
)
+ φ;µφ;ρD
;ρ
(
2D2φ;ν ;ιφ
;ι +D;ν(1 +
+2Dφ;ιφ
;ι)
)−D;µ(−2Dφ;ν ;ρφ;ρ + φ;νφ;ρD;ρ(1 +
+2Dφ;ιφ
;ι)
))]
. (A.3)
Inserting the expression for the barred Riemann tensor
R¯αβαν from the above equation into eq. (6), we get
R¯ = R− γ2φ;αφ;βRαβ + 12
[
2XD;α;α + φ;αD
;αφ;ν5;ν5 +
(φ;αD;α;ν5 −D;αφ;α;ν5)φ;ν5
]
+ 12γ
2
[
2X(1 + 2DX)D;α;α
+2X2D;αD
;α + 2Dφ;ρ;ρ;αφ
;α + 2Dφ;α;αφ
;ρ
;ρ + 3φ;αD
;αφ;ρ;ρ
+2DXφ;αD
;αφ;ρ;ρ − 2Dφ;αφ;α;ρ;ρ +Xφ;αD;αφ;ρD;ρ
+φ;αD;α;ρφ
;ρ + 2DXφ;αD;α;ρφ
;ρ − 3D;αφ;α;ρφ;ρ
−4DXD;αφ;α;ρφ;ρ − 2Dφ;α;ρφ;α;ρ −Dφ;αD;αφ;ρφ;ρ;ιφ;ι
]
+ 12γ
4
[
2X2
(
1 + 2DX
)
D;αD
;α + φ;αD
;α
(
4DXφ;ρ;ρ
+(1 + 2DX)(Xφ;ρD
;ρ −Dφ;ρφ;ρ;ιφ;ι)
)− 2Dφ;ρ(X(3
+2DX)D;αφ;α;ρ + 2Dφ
;α(φ;α;ρφ
;ι
;ι
−φ;ρ;ιφ;α;ι)
)]
. (A.4)
The terms that are proportional to 2XD in eq. (A.4)
can be simplified by writing 2XD = 1 − 1/γ2, so that
this equation becomes
R¯ = R− γ2φ;αφ;βRαβ + 12D;αφ;α;ρφ;ρ + γ2
[
2XD;α;α
+Dφ;ρ;ρ;αφ
;α +Dφ;α;αφ
;ρ
;ρ + φ;αD
;αφ;ρ;ρ −Dφ;αφ;α;ρ;ρ
+φ;αD;α;ρφ
;ρ −D;αφ;α;ρφ;ρ −Dφ;α;ρφ;α;ρ
]
+ 12γ
4
[
4X2D;αD
;α + 2φ;αD
;α
(
φ;ρ;ρ +Xφ;ρD
;ρ
−Dφ;ρφ;ρ;ιφ;ι
)− φ;ρ((3 + 4D2X2)D;αφ;α;ρ
+4D2φ;α(φ;α;ρφ
;ι
;ι − φ;ρ;ιφ;α;ι)
)]
. (A.5)
Appendix B: Integration by parts
We can simplify the action in eq. (8) by performing the
following integration by parts:
S =
M2p
2
∫
d4x
√−g
{
1
γ
R− γφ;αφ;βRαβ + 12γD;αφ;α;ωφ;ω
+γ
[
2XD;α;α +Dφ
;ω
;ω ;αφ
;α +Dφ;α;αφ
;ω
;ω
+φ;αD
;αφ;ω ;ω −Dφ;αφ;α;ω ;ω + φ;αD;α;ωφ;ω
−D;αφ;α;ωφ;ω −Dφ;α;ωφ;α;ω
]
+ 12γ
3
[
4X2D;αD
;α︸ ︷︷ ︸
A
+2φ;αD
;α
(
φ;ω ;ω +Xφ;ωD
;ω −Dφ;ωφ;ω ;λφ;λ
)
−φ;ω((3 + 4D2X2)D;αφ;α;ω + 4D2φ;α(φ;α;ωφ;λ;λ
−φ;ω ;λφ;α;λ)
)]}
. (B.6)
Since
4∇α
(
1√
1− 2XD
)
D;αX =
4XD;α(XD;α −Dφ;α;βφ;β)
(1− 2DX)32
,
(B.7)
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we can write term A in the action (B.6) in terms of
∇α 1√1−2XD as, and hence this action becomes
S =
M2p
2
∫
d4x
√−g
{
R
γ
− γφ;αφ;βRαβ + 12γD;αφ;α;ωφ;ω
+γ
[
2XD;α;α +Dφ
;ω
;ω ;αφ
;α +Dφ;α;αφ
;ω
;ω
+φ;αD
;αφ;ω ;ω −Dφ;αφ;α;ω ;ω + φ;αD;α;ωφ;ω
−D;αφ;α;ωφ;ω −Dφ;α;ωφ;α;ω
]
+ 124∇_α
(
1√
1− 2XD
)
D;αX︸ ︷︷ ︸
A1
+
1
2
γ3
[
2φ;αD
;α
(
φ;ω ;ω
+Xφ;ωD
;ω −Dφ;ωφ;ω ;λφ;λ
)
+φ;ω
((−2− (1− 2XD)D;αφ;α;ω︸ ︷︷ ︸
A2
+4D2φ;α(−φ;α;ωφ;λ;λ + φ;ω ;λφ;α;λ)
))]}
. (B.8)
The term A2 cancels with the term in the second line,
and the term A1 in the above action can be integrated
by parts, so that this action becomes
S =
M2p
2
∫
d4x
√−g
{
1
γ
R− γφ;αφ;βRαβ + γ
[
Dφ;ω ;ω ;αφ
;α
+Dφ;α;αφ
;ω
;ω + φ;αD
;αφ;ω ;ω −Dφ;αφ;α;ω;ω
+φ;αD;α;ωφ
;ω +D;αφ;α;ωφ
;ω −Dφ;α;ωφ;α;ω
]
+γ3
[
φ;αD
;α
(
φ;ω ;ω+Xφ;ωD
;ω︸ ︷︷ ︸
B
−Dφ;ωφ;ω ;λφ;λ
)
−φ;ω(D;αφ;α;ω + 2D2φ;α(φ;α;ωφ;λ;λ − φ;ω ;λφ;α;λ))] .
(B.9)
Since
∇α
(
1√
1− 2XD
)
φ;αD;βφ
;β
= −φ;αD
;α(−Xφ;ρD;ρ +Dφ;ρ;βφ;βφ;ρ)
(1 − 2DX)
3
2
, (B.10)
we can write the term B in action (B.9) in terms of
∇aγ, so that this action becomes
S =
M2p
2
∫
d4x
√−g
{
1
γ
R− γφ;αφ;βRαβ + γ
[
Dφ;ω ;ω ;αφ
;α
+Dφ;α;αφ
;ω
;ω + φ;αD
;αφ;ω ;ω −Dφ;αφ;α;ω;ω
+φ;αD;α;ωφ
;ω +D;αφ;α;ωφ
;ω −Dφ;α;ωφ;α;ω
]
+∇α
(
1√
1− 2XD
)
φ;αD;βφ
;β
︸ ︷︷ ︸
B1
+γ3
[
φ;αD
;αφ;ω ;ω
−φ;ω(D;αφ;α;ω + 2D2φ;α(φ;α;ωφ;λ;λ
−φ;ω ;λφ;α;λ)
)]
. (B.11)
The term B1 can be integrated by parts, so this action
becomes
S =
M2p
2
∫
d4x
√−g
{
1
γ
R− γφ;αφ;βRαβ
+Dγ (φ;ω ;ω ;αφ
;α + φ;α;αφ
;ω
;ω − φ;αφ;α;ω ;ω − φ;α;ωφ;α;ω)
+γ3
[
φ;αD
;αφ;ω ;ω − φ;ω
(
D;αφ;α;ω+2D
2φ;α(φ;α;ωφ
;λ
;λ︸ ︷︷ ︸
C
−φ;ω ;λφ;α;λ)
)]
. (B.12)
Since
2∇α
(
1√
1− 2XD
)
Dφ;αφ
= −Dφ
;β
;β
(
φ;αD
;αφ;λ + 2Dφ
;αφ;α;λ
)
φ;λ(
1 +D(φ;αφ;α)
) 3
2
, (B.13)
we can write the term C in action (B.12) in terms of
∇aγ, so that this action becomes
S =
M2p
2
∫
d4x
√−g
{
1
γ
R− γφ;αφ;βRαβ +Dγ
(
φ;ω ;ω;αφ
;α
+φ;α;αφ
;ω
;ω − φ;αφ;α;ω ;ω − φ;α;ωφ;α;ω
)
+2∇α
(
1√
1− 2XD
)
Dφ;αφ︸ ︷︷ ︸
C1
+γ3
[
φ;αD
;α(φ;ω ;ω +Dφ;ωφ
;ωφ;λ;λ)
+φ;ω(−D;αφ;α;ω +2D2φ;αφ;ω ;λφ;α;λ︸ ︷︷ ︸
C2
)
]
. (B.14)
We now use
−2∇α
(
1√
1− 2XD
)
Dφ;σ
;αφ;σ
=
D
(
2Dφ;αφ;σ ;βφ;α
;β +D;αφ;α;βφ
;βφ;σ
)
φ;σ(
1 +D(φ;αφ;α)
) 3
2
, (B.15)
to rewrite term C2 in action (B.14), such that the action
becomes
S =
M2p
2
∫
d4x
√−g
{
R
γ
− γφ;αφ;βRαβ +Dγ
(
φ;ω ;ω ;αφ
;α
+φ;α;αφ
;ω
;ω − φ;αφ;α;ω ;ω − φ;α;ωφ;α;ω
)
+γD;α
[
φ;αφ
;ω
;ω − φ;ωφ;α;ω
]
(B.16)
+2∇α
(
1√
1− 2XD
)
Dφ;αφ︸ ︷︷ ︸
C1
−2∇α
(
1√
1− 2XD
)
Dφ;σ
;αφ;σ︸ ︷︷ ︸
C3
.
12
Terms C1 and C3 can be integrated by parts, so that
the above action becomes
S =
M2p
2
∫
d4x
√−g
{
R
γ
− γφ;αφ;βRαβ + γD ×[
−φ;ω ;ω ;αφ;α − φ;α;αφ;ω ;ω + φ;αφ;α;ω ;ω + φ;α;ωφ;α;ω
]
+γ
[
D;αφ;α;ωφ
;ω − φ;αD;αφ;ω ;ω
]}
. (B.17)
Using
Rωαφ
;ωφ;α = φ;αφ;α
;ω
;ω − φ;ω ;ω ;αφ;α . (B.18)
Action (B.17) becomes
S =
M2p
2
∫
d4x
√−g
{
1
γ
R− γD
[
((φ)
2 − φ;α;βφ;α;β
]
+γ
[
D;αφ;α;ωφ
;ω − φ;αD;αφ;ω ;ω
]}
. (B.19)
Appendix C: the action in GLPV form
Using the definition of Y in eq. (10), we can write γ
defined in eq. (3) as γ = 1/
√
1 + Y D(φ, Y ). Thus, if
we set G4(φ, Y ) ≡M2p/(2γ), we can write the first line
of eq. (9) in the Horndeski form and the action becomes
Sg =
∫
d4x
√−g
{
G4R − 2G4,Y
[
(φ)
2 − φ;α;βφ;α;β
]
+
M2pγ
2
[
Y D,Y
(
(φ)2 − φ;α;βφ;α;β
)
+D;αφ;α;ωφ
;ω︸ ︷︷ ︸
e1
− φ;αD;αφ;ω ;ω
]
︸ ︷︷ ︸
}
. (C.20)
UsingD;α = D,φφ
;α+D,Y Y
;α, one can write the second
line of eq. (C.20) as
e1 =
M2pγ
2
[
D,Y
(
Y
(
(φ)
2 − φ;α;βφ;α;β
)
+ Y ;αφ;α;ωφ
;ω
−Y ;αφ;αφ;ω ;ω
)
+D,φ (φ
;αφ;α;ωφ
;ω − φ;αφ;αφ;ω ;ω)
]
=
M2pγ
2
[
D,Y
(
Y
(
(φ)
2 − φ;α;βφ;α;β
)
+2φ;λφ
;λ;αφ;α;ωφ
;ω − 2φ;λφ;λ;αφ;αφ
)
+D,φ (φ
;αφ;α;ωφ
;ω − Yφ)
]
=
M2pγ
2
D,Y ǫ
αβγλǫµνρλφ;αφ;µφ;β;νφ;γ;ρ
+
M2p
2
γD,φ (φ
;αφ;α;ωφ
;ω︸ ︷︷ ︸
e2
−Yφ) . (C.21)
Let γD,φ ≡ D1+Y D1,Y and use φ;αY;α = 2φ;αφ;α;ωφ;ω ,
one can integrate by parts the term e2 in the above
equation as
e2 =
1
2
(−D1Yφ−D1,φY 2) . (C.22)
Inserting eqs. (C.21) and (C.22) into eq. (C.20), we can
write the action for disformal gravity as
Sg =
∫
d4x
√−g
{
G2(φ, Y ) +G3(φ, Y )φ+G4(φ, Y )R
− 2G4,Y (φ, Y )
[
(φ)
2 − φ;α;βφ;α;β
]
+ F4(φ, Y )ǫ
αβγλǫµνρλφ;αφ;µφ;β;νφ;γ;ρ
}
, (C.23)
where
G2 = −
M2p
2
Y
2
∫
(γD,φ),φdY ,
G3 = −
M2p
2
[
1
2
∫
γD,φdY − γD,φY
]
,
G4 =
M2p
2γ
, F4 =
M2p
2
γD,Y . (C.24)
Setting −D1/2 = −
∫
γD,φdY/2 ≡ 2C3/M2p , we can
write the action (C.23) in the GLPV form as shown in
eq. (11)
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